Motivated by recent interest in perovskite surfaces and heterostructures, we present an analysis of the Kubo conductivity of a two-dimensional electron gas (2DEG) formed in the t2g bands of an oxide with perovskite structure. We find that when the electric field is polarized in the plane of the 2DEG, the optical conductivity is dominated by nearly independent Drude contributions from two-dimensional subband Fermi surfaces, whereas for perpendicular-to-plane polarization it has strong intersubband features. Our analysis suggests that perpendicular-to-plane optical conductivity studies may help advance understanding of the interplay between lattice distortions and electronelectron interactions in complex oxide 2DEG quantum confinement physics.
I. INTRODUCTION
Heterostructures and multilayers based on the perovskite lattice have recently been the focus of an enormous research effort. The perovskite lattice supports much of the periodic table 1 and can be grown epitaxially with very high quality.
2 Perovskite heterointerfaces often have properties that are drastically distinct from those of their parent bulk materials. The most well known example of this tendency is the polar/nonpolar interface 3 between the band insulators LaAlO 3 and SrTiO 3 which hosts a high mobility two-dimensional electron gas (2DEG) formed mainly from the t 2g orbitals of SrTiO 3 that can be magnetic 4 or superconducting 5 or both. 6 There have by now been many studies of SrTiO 3 t 2g 2DEGs formed at various interfaces and surfaces. [7] [8] [9] [10] [11] 2DEGs that are mostly similar in character but have much stronger spin-orbit (SO) coupling can be formed at KTaO 3 interfaces and surfaces. 12, 13 In both SrTiO 3 and KTaO 3 , it has been shown that because of strong and non-linear dielectric response at low temperature, the 2DEGs consist of a high electron density component containing mostly electrons that are strongly confined to the surface or interface, and a low-density tail component consisting of weakly confined electrons that occupy closely spaced subbands which extend ∼10-20 nm into the bulk of the material.
14,15
Optical studies have played an important role in conventional semiconductor 2DEGs. 16, 17 Absorption of light with electric fields polarized perpendicular to the 2DEG plane has been especially valuable because it measures intersubband optical transition energies and in this way characterizes 2DEG quantum confinement. No intersubband optical response is observed 18 when light is polarized with its electric field in the 2DEG plane. Because optical spectra can probe intersubband transition energies, optical characterization also has the potential to play an important role in sorting out the quantum confinement physics in t 2g 2DEGs. Experimental guidance would be especially valuable because of the complicating influence in the oxide case by non-linear dielectric screening and the greater likelihood of structural distortions and defects at interfaces. In this article we explore the optical conductivity of t 2g 2DEGs theoretically, with a view toward shedding light on the information which can be garnered from future experimental studies. 19 We find that the optical response of the t 2g 2DEG is dominated by electrons within the first few layers of the surface or interface. When light is polarized in the 2D plane, the conductivity is dominated by a Drude peak to which all occupied t 2g orbitals contribute. The integrated strength of this peak provides information on the carrier density which is complementary to that available from Hall effect measurements. There are however weak intersubband peaks which could be very revealing if they could be detected. Measurements of the peak frequencies should be very valuable in constraining confinement models. The corresponding peak strengths are sensitive to hybridization between different t 2g orbitals, which is weak in the ideal case, and may therefore shed light on spin-orbit coupling strengths and on structural distortions of the pseudocubic cell near the interface. For light polarized perpendicular-to-plane, the optical conductivity has large intersubband features related to hopping amplitudes perpendicular to the interface, and to the confining potential. In Sections II and III below we briefly discuss the model we use for a t 2g 2DEG and comment on the Kubo formula expressions we use for the conductivity. Our main results are presented and discussed in Section IV. The paper concludes in Section V with a brief summary and conclusions.
II. MODEL
In the perovskite ABO 3 unit cell, the B cation is surrounded by an octahedral oxygen cage which lifts its d-orbital degeneracy, pushing the e g = {x 2 − y 2 , 3z 2 } levels up relative to the t 2g = {yz, zx, xy} levels. We focus on systems with conduction bands that have t 2g character and are well separated from oxygen p-orbital derived valance bands. In a cubic environment, the yz, zx, and xy members of the t 2g manifold are very weakly hybridized. Under most circumstances atomic-like SO coupling is the dominant source of hybridization. When it is neglected, the three bands therefore contribute essentially independently to physical properties of 2DEG, which we assume form in x − y planes. The symmetries which lead to this circumstance can be understood by considering a two-center approximation description in which an xy electron hops along the x-direction within a BO 2 plane from a B atom xy orbital to another B atom via π bonding to the p y orbital of the intermediate oxygen atom that is virtually occupied. We define this and other symmetry equivalent metal to metal effective hopping amplitudes as −t. For hopping in the y-direction, the B atom xy orbital hops through an oxygen p x orbital to a neighboring B atom xy orbital with the same effective hopping amplitude. There is also a smaller but still important z-direction hopping amplitude −t for xy orbitals which connects one BO 2 layer to another that is closer to or further from the interface. {yz, zx} orbitals, on the other hand, have strong (−t) out-of-plane hopping and weak hopping (−t ) in one of two in-plane directions. These orbital conserving hopping processes are responsible for most of the qualitative properties of t 2g 2DEGs and are readily expressed mathematically by the system's tight binding model Hamiltonian.
For a single BO 2 layer, the tight-binding Hamiltonian within the t 2g subspace is,
where k is the in-plane crystal momentum, γ = {yz, zx, xy}, and σ is the spin index. The γ ( k) are defined by,
Similarly the interlayer tunneling Hamiltonian is,
where < l, l > are neighboring layers, t γ = t for γ = xy, and t γ = t for γ = {yz, zx}. Spin-orbit coupling of the cation d-orbitals is mainly atomic in character. In the calculations described below we have used a model 14 in which we project atomic spin-orbit coupling onto the t 2g space. Note that, although this model contains spin-orbit coupling, it does not capture the processes which can lead to Rashba 13 spin-orbit induced momentum-splitting of the Bloch band's double spin degeneracy.
Most t 2g 2DEGs are formed near the surface of a sample sitting on a grounded substrate. It follows that the electric field goes to zero below the 2DEG and that the electric field above the 2DEG is proportional to the electron density. The electric field in the region occupied by the 2DEG is screened both by the 2DEG electrons and by distortions of the ionic host lattice. The extremely large dielectric constant of the host material is related to its soft anharmonic optical phonon modes, which are in turn related to the material's nascent ferroelectricity. We have previously described 14 a simple model which accounts for this complex physical situation qualitatively. We employ that model for the illustrative optical conductivity calculations that we report on below, forcing the 2DEG to lie entirely within the first 60 BO 2 layers. Because t 2g 2DEGs can be prepared over a very wide density regime, we have considered three representative areal densities n -referred to below as "low" (n = 2.3 × 10 13 cm −2 ), "medium" (n = 2. × 10 14 cm −2 ), and "high" (n = 5.9 × 10 14 cm −2 ) (as described in Ref. 14) . The present calculations are motivated by the expectation that quantitative comparisons between experiment and this simple theoretical model can be used to refine approximations and improve its predictive power.
III. LINEAR RESPONSE THEORY
We consider the response of the 2DEG current to a weak external electromagnetic field. In the random phase approximation, the conductivity tensor is given by the well-known Kubo formula:
where m, n are band and α, β Cartesian direction indices, k is the 2DEG crystal momentum, andĵ α is the paramagnetic component of the current operator for which an explicit expression is given below. The dependence of the Fermi distribution function f n and the band energy n on k is left implicit for notational simplicity. The ratio of Fermi factor to energy differences should be understood as a derivative in the m = n limit so that the intraband contribution to the conductivity is
We treat η = τ −1 as a phenomenological parameter which accounts for the Bloch state lifetimes, assigning it a value that is independent of band index.
In Eq. (4) we have taken the limit q → 0 because wavelengths are long compared to lattice constants in the optical frequency regime. The paramagnetic current operator 21 is therefore given by the commutator of the Hamiltonian with the polarization operatorP :
In the tight binding approximation, electrons are considered to sit on lattice sites so position is discrete in real space. The polarization operator therefore takes the form:P = i R ini . It follows that the in-plane current operator is given by taking the derivative of the Hamiltonian with respect to crystal momentum. Therefore only the k dependent part of the Hamiltonian contributes to the in-plane conductivity. We find, from Eqs. 1 and 2 that the x-direction current operator is spin-independent, diagonal in layer, and given in a {yz, zx, xy} representation by,
Note that the in-plane current operator couples only subbands with the same orbital character and that its action is independent of position relative to the interface. In the absence of orbital hybridization (due to SO coupling in the model we considered) the bare Hamiltonian is also diagonal in orbital. It follows that in this case there are no intersubband transition contributions to the in-plane conductivity, either from transitions between subbands with the same orbital character or from transitions between subbands with different orbital character. When hybridization is neglected the in-plane orbital conductivity has only a Drude response centered on ω → 0.
Because the system is finite in the z-direction, the commutator in Eq. 6 is best evaluated in position space for this current component. We find that
where t γ = {t, t, t } for hopping the z-direction in the {yz, zx, xy} basis. Because j z is off-diagonal in layer index, optical transitions between different subbands with the same orbital character are allowed even in the absence of inter-orbital hybridization. Although orbital hybridization can weakly allow additional optical transitions, intra-orbital contributions dominate the perpendicular-to-plane optical response, especially so when the Fermi energy is much larger than the SO splitting. For the calculations presented below this criterion is satisfied at medium and high densities.
The real part of the longitudinal conductivity tensor satisfies certain sum rules which are useful for verifying numerical results and also potentially useful in interpreting experiments. These sum rules limit conductivity contributions from intersubband transitions. By employing the commutation relation (6), we obtain the following sum rules for in-plane and perpendicular-to-plane conductivity tensors:
Eq. 9 is the standard result that the electronic contribution to optical conductivity integrated over all frequency is proportional to the density of electrons in that band scaled by the inverse effective mass. The second form of the right hand side of Eq. 9 applies only in the low density limit in which the parabolic approximation for the band dispersion relations is accurate. Here n n corresponds to the density of the n th band. In the absence of SO coupling, Eq. 9 may be simplified further to,
where n γ is the total density associated with electrons of orbital character γ. The commutator in Eq. 10 is:
Contributions to Eq. 10 are therefore directly proportional to the amplitude for an electron in layer l to hop to a neighboring layer, l ± 1.
IV. RESULT AND DISCUSSION Fig. 1 shows the real part of the in-plane optical conductivity for ω up to 200meV, including both the Drude cm −2 ), and low (2.3 × 10 −13 cm −2 ) carrier densities as defined in Ref. 14. The shaded region in the figure highlights the frequency region in which the electronic conductivity is expected to be obscured by optical phonons. η has been set to 10meV in order to yield ω → 0 limits that are similar to those observed experimentally. The inset shows the intersubband contribution to the conductivity which is contributed mainly by electrons in the low-density tail.
conductivity and the intersubband part of the conductivity with the phenomenological scattering rate taken to be the same for both (η = 10meV). This value of η yields Drude peak heights in the range typical of recent dc resistivity measurements. 22 The Drude conductivity increases monotonically with the density of the 2DEG as expected from the sum rules discussed above. The in-plane optical conductivity is dominated by the Drude part for all densities. The integrated Drude weight may be used to estimate the total density, provided the effective masses in Eq. 11 can be estimated. From Eq. 2 the xy and zx bands masses along the x-direction are larger than the yz mass (by a factor ∼ 10). This suggests, that in this limit, the Drude weight will typically be dominated by the xy and zx pockets. The Hall conductivity can be used to provide a complementary estimate of the total carrier density which weights individual orbitals differently.
23
Measurements of both quantities could be very helpful in obtaining reliable experimental carrier density estimates.
As shown in the inset in Fig.1 there is a small intersubband contribution to the conductivity which originates from the low-density tail states. For these states, subband separations are comparable to spin-orbit coupling strengths (∆ SO = 18 meV) allowing for considerable or- bital hybridization. The intersubband contribution will likely be difficult to isolate experimentally because it is weak in a relative sense. Additionally because of the small band separations of tail states it will be difficult to separate spectrally from the Drude peak at typical values of η because it is also peaked close to ω = 0. Intersubband features might be observable in systems with spin-orbit coupling strengths that are larger than those of SrTiO 3 (∆ SO = 18 meV) or in systems with substantially smaller lifetime broadening than is currently achievable (see below).
We remark that the utility of optical conductivity measurements as a probe of electronic properties is mitigated by the presence of strong optical phonon contributions. In Fig. 1 we have shaded the frequency ranges expected 24 to be obscured by the three optical phonon modes which overlap with 2DEG energy scales. The frequency of the low energy phonon at the q = 0 is strongly dependent on temperature. To represent this we have included a shaded region spanning its temperature dependence.
In t 2g 2DEG systems with strong spin-orbit coupling, spectral features associated with transitions between strongly confined orbitals may become visible. To illustrate this effect, we have artificially set the atomic spinorbit coupling strength parameter ∆ SO → 400 meV in the SrTiO 3 2DEG model and repeated the in-plane optical response calculation. In Fig. 2 we see that transitions within the weakly-confined subbands are again obscured because of the Bloch state lifetime. Now, however, the spin-orbit coupling strength is strong enough to induce appreciable hybridization of the strongly-confined sub- bands. The inset of Fig. 2 again shows the intersubband optical response features are most prominent at high carrier densities. The strongest feature is a broad peak centered at ∼ 400 meV associated with transitions to bulk spin-orbit split bands near the bottom of the conduction band. It is present at all carrier densities, but stronger at higher carrier densities. A second feature associated with the confinement energy scale is now allowed because of orbital hybridization within the t 2g manifold. Even in the high density case, the 400 meV SO coupling is larger than the confinement energy of the lowest subband. This suggests that all bands have strongly hybridized t 2g character. Since the SO coupling is local, it does not contribute to the current operator. Therefore, the matrix elements of the current operator in the optical conductivity still favor xy and zx orbitals due to their strong bonding in the x-direction. The peak at ∼ 80 meV is dominated by a peak in the zx projected density of states related to the confinement energy of the most confined {yz, zx} bands. Because the energy scales associated with structural deformations (of the parent material or induced by the interface) are not expected to be this large, 25 we conclude that in the absence of large SO coupling in plane conductivity measurements are unlikely to provide useful information.
Typical perpendicular-to-plane response is illustrated in Fig. 3 . In this case the current operator is diagonal in orbital, but not diagonal in subband. We therefore see a number of strong spectral features as summarized in Fig. 3a . At low carrier density, the subband splittings are not much larger than the lifetime broadening η and features associated with allowed transitions are therefore obscured in Fig. 3a . In practice, however, low-carrier density t 2g 2DEGs tend to have higher mobilities, and therefore smaller values of η so the situation depicted in Fig. 3a may be too pessimistic. At our medium density, a peak emerges at ∼ 40 meV that is associated with an optical transition from the lowest occupied heavy mass {yz, zx} manifold to the many unoccupied subbands of {yz, zx} character. In Fig 3b we show the electronic structure which yields these conductivities. The {yz, zx} transitions are prominent because these bands have a large mass in one direction and therefore a larger densityof-states than xy bands, and also because the z-direction current operator is proportional to their larger inter-layer hopping amplitudes. We have highlighted the transitions responsible for the ∼ 40 meV peak with green arrows in Fig. 3b .
For high densities, we see two features at ∼ 16 and ∼ 100 meV. We identify the higher energy features as originating from the {yz, zx} transitions labelled "2" in Fig. 3c. (The "1" transition energy is too small to be clearly identified on the scale of Fig. 3c .) The calculations also reveal many small features at higher energies that we associate with transitions between the most strongly confined t 2g subbands and the large number of bulk-like bands due to the 60 layer simulation.
14 These features would become sharper if we performed our calculations with a smaller phenomenological scattering rate η. We expect, however, that in typical systems they will yield a smooth tail in the optical response. In Fig. 3c , highly dispersive nearly 3D xy subbands can be seen with a characteristic energy width of 4t ∼ 140 meV. These subbands are more densely spaced at the top and bottom of this manifold due to the bonding between neighboring layers. The non-zero SO coupling causes hybridization within the t 2g manifold that allows {yz,xz} transitions to this xy manifold. The two dominant SO mediated transitions discussed above are at 100 meV and 240 meV. The 100 meV transition gives a small contribution to the "2" peak and is therefore obscured by {yz, zx} to {yz, zx} transitions. We label the "3" peak by the 240 meV transition which is not obscured by the dominant {yz, zx} to {yz, zx} processes.
We remark that optical spectroscopy features in conventional semiconductor 2DEGs are shifted from the subband splittings by depolarization effects. 16, 26 When electrons transition to unoccupied states, the charge distribution along the z direction is altered, which in turn alters the time-dependent electric field. Similar shifts will occur in oxide 2DEGs. The peak shift is 26 2e 2 nES/ where n is the density of the electrons involved in the transition, E is the subband splitting and S is an effective Coulomb interaction length 26 for the corresponding transition. In the conventional case, intersubband transition energies are small enough that can be taken to be the static dielectric constant of the host semiconductor material. In the present case many of the transitions of interest involve strongly confined t 2g electrons, and have frequencies larger than many of the important optical phonons. (See Fig. 3a for example) . In our medium density case, the transition energy falls between optical phonon modes at around 20 and 70meV. The effective dielectric constant in bulk SrTiO 3 in this frequency range is ∼ 10. If we assume 10 14 cm −2 {yz, zx} electrons are involved in the transition and that the Coulomb interaction length is ∼ 1 lattice constant, we estimate that the peak shift is on the order of 190 meV. This simple estimate shows that the depolarization shifts are potentially large. Because optical phonon oscillator strengths and frequencies are likely to be substantially altered close to surfaces and interfaces, a fully quantitative theory of depolarization shifts in perovskite t 2g 2DEGs will be quite involved.
V. SUMMARY AND CONCLUSIONS
We report on a theoretical model study of the optical conductivity of t 2g 2DEGs formed at perovskite oxide surfaces and interfaces. The detailed properties of these low-dimensional electron systems are difficult to predict theoretically because of the important role played in their properties by non-local and non-linear dielectric screening and by structural distortions and defects. This study is motivated by the potential value of spectral and sum rule information from optical characterization for verification and refinement of models of t 2g 2DEG properties.
We find that the in-plane optical conductivity is very strongly dominated by approximately independent Drude peak contributions coming from all bands, irrespective of their t 2g -orbital character and of the degree to which they are confined at the interface. Unlike the dc conductivity, the Drude weight, obtained by integrating the Drude peak over frequency, is independent of the unknown scattering times of the various bands. Our calculations show that measuring the Drude weight of the t 2g 2DEG will provide an estimate of the total 2D carrier density that is complementary to the one provided by Hall effect measurements. The in-plane conductivity will also have features associated with intersubband transitions, but these will be weak unless spin-orbit interactions hybridize t 2g electrons with different orbital character. In the model calculations we have performed the primary source of hybridization is atomic-like spinorbit interactions which will normally have the strongest impact. Rashba 13 spin-orbit interactions, which we have not specifically included, could provide a gate-tunable source of spin-orbit coupling which could enhance the value of in-plane current response measurements.
Unlike its in-plane counterpart, perpendicular-toplane optical conductivity measurements should reveal a wealth of spectroscopic measurements. Their interpretation will however be complicated by depolarization shifts which mean that spectral features cannot be immediately identified with intersubband transition energies. Based on our study we conclude that the influence of gates, particularly the influence of back gates on ellipsometry, might be helpful in assigning features to particular transitions in the t 2g 2DEG. When the t 2g carrier density is reduced by a back gate 14 it has the effect of increasing the electric field deep in the substrate, which has a particularly strong influence on the weakly-confined states which are otherwise present, sharply increasing the smallest subband splittings, decreasing the number of partially occupied subbands, and increasing spatial overlap between occupied and empty subbands. We can expect that broad tails in optical response will sharpen into discrete features which can be assigned on the basis of their spectral response to back gate voltages.
